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This paper solves a special case of the equations for Lamb’s semiclassical laser theory. The results are
used to discuss the asymptotic behavior of the solution for large electromagnetic field and the power-series
expansion in the field amplitude of the population inversion. A comparison with the continued-fraction

method used earlier is made.

I. INTRODUCTION

RECENT paper! gives a solution to the equations

of the semiclassical Lamb model of a laser? for
the case where only one cavity mode is oscillating. The
solution emerges in the form of a continued fraction
which can be used for computations even at very high
intensities of the electromagnetic field in the mode at
which the laser oscillates. The Lamb model has been
very useful in the treatment of various problems in the
theory of the laser (for a list of references and a dis-
cussion of some recent experiments, see Ref. 1). It is
hence interesting to find that a special case of the laser
equations can be solved in analytical form. This is the
case when the atomic transitions are in exact resonance
with the electromagnetic mode of the laser cavity, and
the two atomic levels involved in the transition decay
with exactly the same decay constants to lower levels.
The first condition can be realized in every laser by
tuning the cavity, whereas the second is an improbable
coincidence, which, however, cannot be expected to
lead to any special physical effects distinguishing it
from the case of nearly the same decay constants for
the two levels.

The solution is given in terms of an integral which
has not been evaluated analytically. Consequently,
numerical results are more easily obtainable from the
results of Ref. 1, but the analytical solution is useful
in answering questions of a general nature. In this
paper the laser equations of the semiclassical model are
presented in Sec. II; in Sec. III, they are solved for
the special case we are considering. In Sec. IV, the
solution is used to obtain the asymptotic behavior of
the laser for very large intensities, a question that
remained unsettled in Ref. 1. In Sec. V, the population
inversion density is expanded in a power series in the
electromagnetic field, and the convergence properties
are discussed. Finally a short discussion is presented
in Sec. VI.

II. BASIC LASER EQUATIONS
In Ref. 1 it is shown that the steady-state amplitude
of the electromagnetic field in the laser is given by the
equation
E=—(Q/e)S, (N

1S.Stenholm and W. E. Lamb, Jr., Phys. Rev. 181, 618 (1969).
*W. E. Lamb, Jr., Phys. Rev. 134, A1429 (1964).
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where ( is the laser cavity Q value and ¢ is the di-
electric constant. The quantity S is given by the
velocity average and mode projection of a function
S (z,0,40) :

+o0 L
S =/ dv W (v) (2/L)/ dzsinKz Szt 1=, (2)
—o0 0

where L is the length of the laser (taken to be along the
z axis). S depends also on the field F so that Eq. (1)
determines E only in an implicit way.

The function S (z,9,4,) is determined from the coupled
integrodifferential equations

(3/88)S (z,0,4,0)

= _% ('Ya+'y b)S (Z,’U,l,i) - (w - V)Z

X/ S(Z, v, t, i—T) eXp['—%(’Ya'i“'Yb)T:ldT
0

- (QZE/iZ) sin{K[z—v(t——i)]} IV(Z,Y),t,i) > (3)
(9/0E)N (2,0,4,0)
= _%('Ya"f—'yb)N(Z,v;t;i)_l_% ('Ya_"Yb)2
X/wN(ZJ v, , t-—'T) eXP[_%('Ya""'Yb)T]dT
0
+(E/#) sin{K[z—v(t—1) ]} S(z,0,5,)
+(veha—vehs)/[ (vat) ], (4)

where A, and A, are the pumping rates to the upper
and lower atomic levels ¢ and b; and v,, vs are their
decay rates. The energy 7w is the difference between
the energies of the two levels and g is the dipole matrix
element coupling them. The frequency » is the oscilla-
tion frequency of the laser, and it is very close to the
resonance frequency € of the cavity. Equations (3) and
(4) are derived from the equation of the motion for
the density matrix of a two level system and the
quantity S(z,2,4f) gives the polarization of the atomic
system under the influence of the electromagnetic field.
The function N (z,9,4,), on the other hand, can be used
to obtain the distribution of the difference in population
between the two levels (the population inversion
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density). Taking the velocity average
00
Vo= [ aWONesDle, O

we obtain the spatial distribution of the inversion
density, and taking the spatial average

N@)= (1/L)/ dz N (2,9,4,1) | 1=, ©)

we obtain the velocity distribution. The function
N(z,9,41) contains the features described as “holes in
the population” burned by the electromagnetic field.
The results presented above are derived and discussed
in Ref. 1 and the basis for the semiclassical model is
presented by Lamb in Ref. 2.

By tuning the optical cavity we can achieve exact
resonance d=p=w. If wefurther assume thaty,=vy,=v,
the integral terms disappear from Eqgs. (3) and (4) and
we are left with two coupled differential equations.
These are considerably easier to treat, and an analytical
solution is possible. The case of equal atomic decay
constants can hardly be found in nature. The unequal
decay rates make it possible to achieve a population
inversion even with equal pumping rates to the two
levels, A,=Ay=A, because then the inversion at zero
electromagnetic field,

N=Aa/7a_Ab/'Yb':A('Ya—-l_'yb—l) ] (7)

is positive as soon as the lower level decays more
rapidly than the upper, i.e., v5>7va.. When this effect
is taken into account by the introduction of effective
pumping rates A,, Ap such that they give the right
value for N, it is expected that a small difference
between v, and v can be neglected. In real lasers they
are always of the same order of magnitude.

III. SOLUTION OF EQUATIONS

With w=» and v,=vs, Egs. (3) and (4) [with the
arguments (2,9,£,7) of S and NV omitted] are

(8S/0t) = =S —(9*E/%) sin{ K[z—o(t—D) ]}V,  (8)
(ON/0t) = —yN+(E/%) sin{K[z—2v(t—t) [}S+~+N, (9)

with the adjusted value of N.
To write the equations in a more symmetric form,
we introduce the variables ¢ and b by setting

S=pNa, N=Nb, (10)
and use the abbreviation
F(@)=(pE/h) sin{K[z—v(t—1)]}. (11)

The resulting equations can be written in matrix form

(el ST o

The solution of this equation which is zero when {= — o
is given by

[ ol fronf] Y e
- /0 e exp{ / ;F(ﬁdf[(; _OI:HE)]dn. (13)

It is possible to evaluate the function

i : WE
6(n) = / F()dr= / %sinK[z——v(t—r)]dr

= (9E/hKv){cosK[z—v(t—t+1)]

—cosK[z—v(t—0)]}, (14)

and then the solution is formally given by (13). In the
physically meaningful relations (1), (5), and (6), we
have to set {=¢ and this may now be done in (14),
giving
0(n) = (pE/hKv)[cos(Kz—Kwvn) —cosKz]

= (9E/hKv)[cosKz(cosKvn—1)

+sinKz cosKv]. (15)

As the square of the matrix in the exponential of Eq.
(13) is minus the unit matrix

i A
1 0od Lo 1l
it is possible to rearrange the terms in the series ex-

pansion of the potential to give the sine and cosine
series, and, consequently,

eXp[G(n)[(l) —01:” =cosﬁ(n)+sin0(n)|:(l) —ol:l

_ [cosﬁ (n) —sind (n):l
sinf () cosf(n) '

Inserting (17) into (13) and performing the matrix
multiplication, we obtain

(16)

an

—'y/ e sind (n)dn
' (18)

'y/ e 77 cosf(n)dn
0

Equations (18) give the solution to the special case
under consideration, but because of the complicated
form of 6(x) in (15), the expressions in (18) are not
simple to evaluate. The intensity £ is determined
implicitly by the equation following from (1), (10),
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(18), and (15):

POYN = 2
L= / do W (2)— /
€@ Jw LJo

E
Xsin(f—[cos (Kz—Kwvn)—cosK z]) , (19)
hKv

L

dz sinKz / dn e
0

and similarily (18) and (10) inserted into (6) give the
atomic population inversion

N’Y L 0
N (v)=— / dz/ dn e
L Jo 0

@EI:COSK m—1

sinK vy
Xcos {———
/)

cosKz+ —sinKz:” . (20)
Ko Kv

A more detailed discussion of the structure of Eq.
(19) is deferred to Sec. VI. First we are going to use
the analytic solution (18) to discuss two questions
which were considered in Ref. 1 but which remained
unsettled there, namely, the asymptotic behavior of
(19) for large electromagnetic fields and a series ex-
pansion of Eq. (20).

IV. ASYMPTOTIC BEHAVIOR FOR LARGE FIELDS

In Ref. 1 it is suggested that for large intensities of
the electromagnetic field we have the proportionality
E2«=N. This statement could not be proved there,
and the numerical results were inconclusive because
they were obtained in the Doppler limit when the
Lorentzian linewidth v of the atomic transitions is
much smaller than the width of the velocity distribu-
tion W (v). In this case it is known (see Ref. 1) that the
asymptotic behavior 2« N? is valid over a large range
of values for the intensity. It is thus of interest to see
what the asymptotic behavior of the integral in Eq.
(19) is.

The expressions in Eq. (18) contain the integrals of
exponentials which can be written

0 @E
-y/ €77 exp [z [cos(Kz—Kvn) —cous]} dn
0 hKv

00

=s/ e*% exp{¢T[cos(y—x)—cosy}dx, (21)

with the notation

y=Kz, x=Kvy, s=v/Kv, T=gpE/hKv. (22)

For a fixed value of v, the large field limit implies
T — «, and the asymptotic value of the integral

I(y) =/°° ez exp{iT[cos(x—y)—cosy]}dx (23)

has to be calculated. [The arguments s and T are not
explicitly written out in 71(y).]

When T is large, the main contribution to the
integral in (23) comes from the end points and the
points of stationary phase.? The end point = co does
not contribute because of the factor ¢=*. The points
of stationary phase are given by the equation

(d/dx) cos(x—y)=—sin(x—y)=0, (24)
and the solutions are

(25)

for all integers # such that y-+nw>0. Each point of
stationary phase gives a contribution proportional to
T-12 but the subsequent mode projection in Eq. (19),

x=y-+nm

KL KL

f siny I1(y)dy / siny e ©svdy (26)
0 0

is found to introduce an additional factor 7. The
calculations are performed in some detail in the Appen-
dix. The total contribution to (19) from the points of
stationary phase goes like 7% and is smaller than the
contribution from x=0 for large enough values of T
The reason for this is that, when =0, the two terms
multiplying T in the exponential of Eq. (21) cancel
and there is no exponential dependence on 7" left to
the y integration. Consequently, this integral does not
change the asymptotic dependence on 7. We now
calculate the contribution from the point x=0. We
expand

cos(y—x) —cosy= (siny)x—+- - -, (27)
where terms of order «? are neglected. We have
Il (y) =/ g7 giTxsinygdy
0
= (s—1T siny)~1. (28)

Using this result and the relation K= (nr/L) with »
an integer, we can evaluate the integral

2 KL 0
To=—o dy siny s/ e
’ KL 0 0
Xsin{T[cos(y—x)—cosy}dx
AN

=— | dysiny (20" [11(y) — L1 (»))*1dy

nmwJo

AN
=— / T sin?y (s*+77? sin?y)'dy. (29)
T Jo

As s=(y/Kv)<T=(pE/hKv) in the asymptotic limit
E — «, we can write
I,~2s/T=2hy/pE, (30)

3 E. T. Copson, Asympiotic Expansions (Cambridge University
Press, Cambridge, England, 1965), pp. 29-34.
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with
s/T=ly/plkl, 31)

which implies that the dimensionless intensity parameter

I=3(pE/hy) (32)
is large. Inserting (30) into Eq. (19), we get
9ON 2ty [t
L= / W (v)dv, (33)
€0 @E —0

since the integral 75 no longer depends on the velocity.*
Since the velocity distribution is normalized we find by
using the intensity parameter of Eq. (32) that

I= 0N /e, (34)

which is a result suggested in Ref. 1, Sec. 12, but not
proved there.

The relation (34) is identical to the asymptotic result
I — = for nonmoving atoms (see Ref. 1, Appendix A).
This fact may be explained qualitatively if we extend
the concept of power broadening to the limit of large
field intensities. Then the atomic linewidth appears
broader than the velocity distribution, which samples
the emission line. This is the limit opposite to the
Doppler limit when the atomic line samples the velocity
distribution. At resonance between the atomic transi-
tions and the laser cavity, the details of the velocity
distribution become unimportant when  — <, because
the atomic line shape changes only slowly over the
whole velocity curve. This velocity independence is
evident in Eq. (30). Then the velocity integral gives 1,
thanks to the normalization, and the result is the same
as if all atoms were clustered at zero velocity. This
picture explains both the velocity independence of 7,
and the coincidence of (34) with the zero-velocity
result. But it also suggests that for the proportionality
I <N to be valid, we have to go to very large intensi-
ties, especially in the Doppler limit.

V. POWER SERIES IN FIELD INTENSITY

In Ref. 1 it was found that a power-series expansion
of the atomic population inversion density N (v) cannot
converge at v=0 for intensities 7>0.5. Numerically,
it was found that when Kv<vy the convergence became
so poor that the power-series expansion was useless.
It is of interest to use the analytic expressions of this
paper to discuss the convergence of the power series.

From Eq. (20), we find

N’Y L o0
N@)=— / dz / dne=rn
L Jo 0

wE
XCOS(‘EZ[X*GU{Z—*‘XC"—“{Z]) y (35)

41t may seem that around v=0 the argument breaks down
since here s is not small, but this is only an apparent difficulty.
In fact, s/T and T'x are both independent of v and these are the
relevant quantities.
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where

X = (¢i*1—1)/Ko. (36)

Expanding the cosine function and performing the z
integration, we find

e L .
L~ dz cos (X*eiKzd-Xg—K7)
0 2h

L © E 2a
=L—1/ a3 (-1>a[(2a)1]«l<fh>

X 3 (20)[ Qa—B) 81T (0Fee) (X H)pas
B=0

© @E 2a
SPCHEME L IETES G)
a=0 2h
because
L
L“I/ dz eKz=3§,,. (38)
0
TFrom (36) it follows that
| X]2=4 sin?(3 Kvy) (Kv)~? (39)

and the 7 integration has the form
7/ e—“f’?(sin%Kvn)“dn:/ e sin®* (3kx)dx, (40)
0 0

where

k=Kuv/y (41)

has been introduced. The integral (40) can be per-
formed? to give

/ e+ sin? (bx)d = (20) ! (362 (14-12)
0

X+ @ep T - [ ()T,
which, introduced together with (37) into (35), gives

(42)

N@)=N 3 (—1)*(20)!(a))
X G014 [+ (@),

when 7 has been introduced.
Setting »=0 is equal to setting k=0 and gives the
series expansion for

N(0)=N(1+20)72,

(43)

(44)

which is the correct result from Ref. 1, Appendix A.
The expansion of (44) when 7>0.5 is divergent, but
as soon as k5%0, we find that the power series (43) has

5 This is a Laplace transform that can be found, e.g., in H.

Bateman, Tables of Integral Transforms (McGraw-Hill Book Co.,
New York, 1954), Vol. I, p. 150, Eq. (3).
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the radius of convergence
lim [(#41)*(2n+2)"" (2n+1) 1+ (o-+1)%]

= lim 3 (n+1)%¥]=o. (45)
The power series (43) thus diverges for k=0 (when
I>0.5), but converges as soon as 0. For small
values of k the convergence, naturally, is slow, but for
large >>1 we find

o E 2a
VO =R £ (et (=) . @)

which is a rapidly converging series, partly because of
the extra factors (a!)? in the denominators, and partly
because the expansion parameter now is @FE/2Kv,
which in the limit of large « is much smaller than the
expansion parameter @F/2vy, which is relevant in the
region of small k. For very large v, only the first term
of (46) will contribute, and N will become independent
of v as it should.

The series (43) has been summed numerically near
2=0 and for /=3.6, and the results are shown in Fig. 1.
The existence of the bump in the bottom of the hole
in the population inversion density is verified, and if
Fig. 1 is compared to Fig. 12 of Ref. 1, we find that the
series expression (43) leads to a shape of the hole very
similar to the one obtained from the continued-fraction
method. The series expansion (43) gives a somewhat
better convergence than the power-series expansion
method used in Ref. 1, which was based on the Fourier
expansion. The lower part of Fig. 1 shows the number
of terms necessary for convergence of the series (43),
and we can see that below k=1 a rapid increase occurs
when « decreases, and that at k=0 the series does no
longer converge. A velocity average will include a
region with small values of v in which the usefulness
of the power-series expansion is questionable unless
1K1, and then the third-order theory of Lamb? suffices.

VI. DISCUSSION

The solution of the semiclassical laser equations given
by Egs. (19) and (20) is restricted mainly because it
treats only the case w=v». It is, however, possible to
discuss several aspects of the solution. The parameter
@E/hKv which occurs inside the trigonometric functions
may be used for a series expansion, but may easily
cause divergences for low values of » unless the factors

cos(Kvp) —1=—%(Kvp)24- - -,

sinKon=Kog+- - - @7)

are treated properly. In the case of N(2) which was
treated in Sec. V, we saw that the » dependence appears
in a rather complicated way in the final answer deter-
mining the convergence of the whole series. Since the
trigonometric functions have no asymptotic forms for
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N(v)

Fic. 1. (a) Shape of the
function N (») near the value
=0 for w=» and 7=3.6. The
position of the horizontal axis
does not indicate the zero level
of the vertical axis. The point
at k=0 is obtained from Eq.
(44). (b) The number of terms
needed in the power series to
achieve convergence. The rapid
increase below x=1.0 is noted.
At k=0,the series diverges.

w T
8 <
—O

n
(o]

Number of terms
¢

o
[

large arguments, the rather involved discussion of Sec.
IV had to be used in order to obtain an expansion in
E7'. The proof presented does not claim any high
standard of mathematical rigor, but it seems adequate.
No asymptotic limit of the continued fraction analysis
of Ref. 1 has been found.

Recently, Greenstein® has presented a laser theory
which essentially is equivalent to the lowest-order con-
tinued-fraction approximation (called REA in Ref. 1).
This is a very good approximation, especially when
one calculates only quantities integrated over the ve-
locity, but it is bound to give the wrong asymptotic
behavior for large values of 7, since this behavior is
reached just for those values of 7 where the lowest-order
approximation fails.

Even if the solution presented here is given in a
closed analytic form, it contains a threefold integral
which has not been evaluated. To obtain numerical
results from these integrations is a rather cumbersome
procedure. The corresponding expression in the method
of Ref. 1 contains only one integration (the velocity
average). The integrand is then not given in a closed
form but as a continued fraction that is rapidly con-
vergent and suitable for numerical work. The general
conclusion is, therefore, that if numerical answers-are
wanted, the results of Ref. 1 are superior to the expres-
sions of this paper; but if one wants to answer questions
of a more general nature about the solutions of the
laser equations, like the ones in Secs. IV and V, the
exact analytic results may prove useful.

Note added in proof. The special case solved in this
paper has also been solved exactly by B. J. Feldman
and M. S. Feld, MIT (to be published), by the Fourier
expansion method of Ref. 1. They find that the differ-
ence equations for the Fourier coefficients of this special
case can be written as a recursion relation between
Bessel’s functions. They are thus able to connect the
present work with that of Ref. 1. Their work also
shows that the Fourier series are convergent in contra-
distinction to the asymptotic convergence claimed in
Ref. 1.

6 H. Greenstein, Phys. Rev. 175, 438 (1968).
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APPENDIX

We want to consider the contributions to the integral

13=[ dysiny/ dx e5*
0 0

Xexp{iT[cos(y—x)—cosy]} (A1)
from the points of stationary phase
x=y+nr (*>0), (A2)

when T— . For all y7£0, the points (A2) do not
coincide with the point x=0. It is enough to consider
what happens at one of the points (A2), and for
simplicity we choose the one with #=0. Then

cos(y—x)=1—3(x—y)+- -, (A3)
which gives for large values® of T°
exp[<7 (1 —cosy)] / e exp[ — 51T (x—y)? Jdx
0
9\ 12
=exp[iT(1— cosy)]e—“(*)
iT
oo 2\ 1/2
X / exp[—-s<—~> t—tz:ldt
o oI
2\1/2
~exp[iT(1—cosy)]e"“<?) V. (Ad)
1
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Next we take the integral

nw 2 1/2
[3’\'/ dy siny(——) v exp[iT(1—cosy)]. (AS)
0 T
The integration over y has points of stationary phase
when
(d/df) cosy=—siny=0, (A6)
i.e., when

y=kr (k=0,1,2,---). (A7)

But then the factor siny gives zero for the integral,
and a more detailed discussion is necessary. It is enough
to consider the integral

I4=/ dy siny e=*¥ exp(—iT cosy), (A8)
o v

because the following periods only repeat the same
behavior suppressed by the factor e~.
We write

4 ) sinT
I,= exp(—sﬂ)/ dy siny e~ cosv =32 exp(—sg])——T—-
0

w1, (A9)

where 7 is some value of y in the interval (0, 7). The

contributions from the different intervals of length =

in the integral (AS5) all look like (A9) but have different

signs and different values for §. Thus it has been shown
that for the point (A2) with =0, we have

Tgoc T312, (AlO)

The contribution from every point is of the same form,
and the only part of the integral that behaves differ-
ently is the exponential, and this adds factors of the
type e~»7¢. These never cause any trouble because # is
bounded below

n>y/m. (A11)



